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Abstract
In this work we investigate the q-deformation of the so(4) dynam-
ical symmetry of the hydrogen atom using the theory of the quantum
group suq(2). We derive the energy spectrum in a physically con-
sistent manner and find a degeneracy breaking as well as a smaller
Hilbert space. We point out that using the deformed Casimir as was
done before leads to inconsistencies in the physical interpretation of
the theory.
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1 Introduction
In this work we investigate the deformation of the hydrogen atom using the
suq(2) quantum group. Replacing the original algebra with its deformed ver-
sion, it is still possible to use the canonical approach to find the energy levels,
which now depend on one extra quantum number. A new constraint arising
as a consequence of the orthogonality between the Runge-Lenz vector and
the angular momentum leads to a smaller Hilbert space. We also investigate
more closely the physical interpretation of the usual construction, using the
deformed Casimirs.
Quantum groups and deformations have gained a prominent role in physics,
with applications on a great variety of subjects, e.g. quantum field theory on
noncommutative spaces [1, 2]. They might have been initially investigated
in the context of the quantum Yang-Baxter equation as a way of generating
its solutions, but they are also the mathematical tool used to investigate
the idea of a minimal length [3, 4]. For this reason, much attention has
been devoted to looking into deformed symmetries in physical systems, such
as the deformed rotational symmetry suq(2) of the harmonic oscillator [5].
The relation between q-deformation and nonlinearity has been discussed in
[6], where it is shown that the classical counterpart of a q-deformed oscillator
has an amplitude-dependent frequency. In some references the q-deformation
is made at the level of the Schro¨dinger equation [7, 8], in which case only the
deformation of the rotational symmetry is treated. The hydrogen atom on a
noncommutative curved spacetime has been recently investigated in [9].
Another possibility lies in the investigation of deformed dynamical sym-
metries. The best known example is the relation between so(4) and the
spectrum of the hydrogen atom, achieved by using the Runge-Lenz vector,
which enlarges the symmetry group. The spectrum is then given by the
restriction of the representation (i, j) to (i, i).
The q-deformation of the dynamical symmetry of the hydrogen atom has
been attempted in many different ways, such as the Kustaanheimo-Stiefel
transformation [10, 11], and the use of a Moyal-like ⋆-product [12]. Other
works have investigated this deformation through the separation so(4) =
su(2) ⊕ su(2) [13, 14, 15, 16], but have overlooked an inconsistency in the
physical interpretation of the results which shall be pointed out timely.
The structure of this paper is as follows: we first briefly review the deriva-
tion of the spectrum of the hydrogen atom using the so(4) dynamical sym-
metry. We point out the inconsistencies in the physical interpretation of
the deformation performed in previous works. We then present a physically
consistent q-deformation of the dynamical symmetry of the hydrogen atom
and derive the energy spectrum, showing the new dependence on the quan-
2
tum numbers and the reduction of the Hilbert space, and discuss the partial
breaking of the degeneracy of the energy levels. We show that the same
deformation parameter q must be used on the two copies of su(2).
2 Undeformed case
We start by briefly reviewing the derivation of the spectrum of the hydrogen
atom using its dynamical symmetry so(4) [17, 18, 19].
We want to solve the Schro¨dinger equation for the Coulomb Hamiltonian
H =
p2
2µ
−
k
r
, (1)
where µ is the reduced mass, k = e2/4πǫ0 and e the charge of the electron.
It is known from the Kepler problem that the vectors L = r × p and
M = v × L − k
(
r
r
)
are constants of motion. They are, respectively, the
angular momentum and the Runge-Lenz vector and are, by construction,
orthogonal to each other.
Now using the correspondence principle and taking the Hermitian part of
M, one finds that the commutation relations among Li, Mi and H are
[Li, H ] = [Mi, H ] = 0 (2)
[Li, Lj] = i~ǫijkLk (3)
[Li,Mj] = i~ǫijkMk (4)
[Mi,Mj] = −
2i~
µ
ǫijkLkH, (5)
and, from the commutation relations between xi and pi, that the relations
L ·M =M · L = 0, (6)
M2 = k2 +
2
µ
(L2 + ~2)H (7)
hold.
If we now restrict ourselves to the Hilbert subspace corresponding to a
negative eigenvalue E of H , we can rescale M as
M˜ =
√
−
µ
2E
M, (8)
and therefore introduce the operators
I =
L + M˜
2
(9)
J =
L− M˜
2
(10)
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which form two disjoint sets of operators satisfying the su(2) algebra:
[Iz, I±] = I±, [I+, I−] = 2Iz (11)
[Jz, J±] = J±, [J+, J−] = 2Jz, (12)
so that we have in principle 4 quantum numbers, i,m and j, p, diagonalizing
I2, Iz and J
2, Jz, respectively.
Relating these 2 algebras to the hydrogen atom means rewriting relations
(6) and (7) in terms of I and J as
(I2 − J2)|i,m, j, p〉 = 0, (13)
and
(I2 + J2)|i,m, j, p〉 = −
(
µk2
4E
+
~
2
2
)
|i,m, j, p〉. (14)
Since
I2|i,m, j, p〉 = i(i+ 1)~2|i,m, j, p〉 (15)
J2|i,m, j, p〉 = j(j + 1)~2|i,m, j, p〉, (16)
relation (13) yields that i = j, and, as a result of (14), we have that
2~2j(j + 1) = −
(
µk2
4E
+
~
2
2
)
, (17)
leading to
E =
−µk2
2~2(2j + 1)2
, (18)
so that we can identify 2j+1 = n with the principal quantum number of the
hydrogen atom.
Since i = j, the Hilbert space is of the appropriate size.
It is important to note that j can take half-integer values, and that Iz
and Jz can each have 2j+1 independent eigenvalues, so that the degeneracy
of a given state is (2j + 1)2 = n2 as expected.
3 The q-deformed so(4)
We choose to deform the so(4) = su(2)⊕ su(2) dynamical symmetry of the
hydrogen atom by a parameter q by means of the well-established theory of
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the quantum group suq(2) [20, 21, 22, 23], where the commutation relations
are written as
[Iz, I±] = I±, [I+, I−] = [2Iz] (19)
[Jz, J±] = J±, [J+, J−] = [2Jz], (20)
where
[x] =
qx − q−x
q − q−1
=
sinh(sx)
sinh s
, (21)
with s = ln q and q a real parameter. In this section, we take ~ = 1. Notice
that in priniciple we could have chosen two different parameters, one for each
copy of su(2). This will be discussed further ahead.
As for the representation, this means that Iz and Jz will act on the Hilbert
space exactly as before, while for the other operators we have
I±|i,m, j, p〉 =
√
[i±m+ 1][i∓m]|i,m± 1, j, p〉, (22)
and analogously for J±, so that relations such as
I±I∓|i,m, j, p〉 = ([i][i+ 1]− [m][m ∓ 1])|i,m, j, p〉, (23)
are still diagonal in the old Hilbert space (i.e., using the same basis).
As I± and J± have similar commutation relations with Iz and Jz, they
raise and lower their eigenvalues exactly like before. This means that the
Hilbert space will have the same quantum numbers, one related to the
Casimir and one to the z-component of the angular momentum.
3.1 Using the deformed Casimirs
The center of the algebra is changed upon deformation of the commutation
relations. This means that if we are to merely follow the formal aspects of
the derivation of the spectrum using so(4), as was done in aforecited earlier
papers, we should take the Casimirs of the deformed algebra, given by
CI2 |i,m, j, p〉 =
(
1
2
(I+I− + I−I+) +
[2]
2
[Iz]
2
)
|i,m, j, p〉 = [i][i+ 1]|i,m, j, p〉,
CJ2 |i,m, j, p〉 =
(
1
2
(J+J− + J−J+) +
[2]
2
[Jz]
2
)
|i,m, j, p〉 = [j][j + 1]|i,m, j, p〉.
(24)
Now the orthogonality condition should read
CI2 |i,m, j, p〉 = C
J
2 |i,m, j, p〉, (25)
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leading only to i = j, so that the Hilbert space has the same size as in the
undeformed case. The energy in this setting becomes
Ej =
−µk2
8[j][j + 1]
(26)
and we have the same degeneracy as before.
Notice, however, that while the generators of the two suq(2) have the
same interpretation as in the undeformed case, the equations defining the
spectrum will have a different meaning. The orthogonality condition will
now read
LxM˜x + LyM˜y +
[2]
2
[Lz][M˜z] = 0 (27)
or, more explicitly
LxM˜x + LyM˜y +
sinh(2s) sinh(sLz) sinh(sM˜z)
2 sinh3 s
= 0. (28)
This means that the angular momentum and the Runge-Lenz vector are
no longer orthogonal. To see that, one could take the first elements in the
sinh expansion and regroup them as a scalar product, and all the remaining
nonvanishing terms will make the breaking of the orthogonality explicit. This
leads to an inconsistent situation, because the Runge-Lenz vector orthogo-
nality to the angular momentum in the undeformed case comes directly from
its definition as a cross product.
Similarly, the expression for the energy is modified by using the deformed
Casimir, so that the actual Hamiltonian described by this q-deformed system
is different from the original one, although the current approach makes it
difficult to notice this fact.
The expression for energy is implicitly given by equation (7). In the
undeformed case, solving this expression leads to the Coulomb potential. In
the q-deformed case, the implicit expression reads
L2x + L
2
y −
µ
2E
(
M2x +M
2
y
)
+
sinh(2s)
2 sinh3 s
{
sinh2
(
s
(
Lz +
√
−
µ
2E
Mz
))
+
+ sinh2
(
s
(
Lz −
√
−
µ
2E
Mz
))}
= −
µk2
4E
+
~
2
2
. (29)
If we were to solve this equation for E, we would no longer have the
Coulomb potential. Notice that all the problematic terms involve only the
z-direction, indicating that the system is no longer described by a central
potential.
6
What we can gather from all these remarks is that the route for the q-
deformation of the hydrogen atom pursued in previous works has flaws and
inconsistencies regarding its physical interpretation, the most prominent of
which are the loss of orthogonality between the angular momentum and the
Runge-Lenz vector and the fact that the q-deformed Hamiltonian cannot
be interpreted as related to the classical Coulomb Hamiltonian either. The
latter situation is somewhat analogous to [6], where the q-deformed harmonic
oscillator is actually nonlinear.
In the next section we shall present a way to circumvent these problems
and introduce a q-deformation of the hydrogen atom that is physically con-
sistent and gives rise to interesting new features.
3.2 The relation L ·M = 0 and the energy shell
We now consider the relations (13) and (14). They are the Casimirs of
the undeformed so(4) algebra, and, moreover, (13) encodes the condition of
orthogonality between L and M.
Using expressions (22) and (23), it is easy to deform the relation (13)
and see that (I2 − J2)|i,m, j, p〉 = 0 implies that i = j and m2 = p2. Note
that the second restriction is completely new to the deformed case. This
means that the resulting Hilbert space will be smaller, and that there will be
a jump in its size when we the deformation parameter goes back to q = 1.
This resembles a “phase transition”.
Investigating relation (14) we find that it is still diagonal – even though
it is not the Casimir of the deformed algebra – and, by imposing the orthog-
onality condition, we find that
(I2 + J2)|i,m, j, p〉 =
(
2[j][j + 1]− [m]([m + 1] + [m− 1]) + 2m2
)
|i,m, j, p〉.
(30)
This immediately gives the deformed energy for the hydrogen atom as
Ejm =
−µk2
8[j][j + 1]− 4[m]([m+ 1] + [m− 1]) + 8m2 + 2
. (31)
It easy to realize that this has the correct limit when q → 1.
Since the energy Ejm now depends additionaly on the quantum number
m, part of the degeneracy of the energy spectrum is broken. It is easy to
see that changing m → −m leaves the energy invariant, and thus for each j
there are j + 1 possible energy levels.
Let us now work out the degeneracy of each of these levels. Because the
result does not depend on p, one could expect the usual 2j + 1 degeneracy
that comes from it, but this is not the case due to the constraint (I2 −
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J2)|i,m, j, p〉 = 0, which makes m2 = p2 and thus p = ±m. This means
that Ejm is four-fold degenerate for m 6= 0 and nondegenerate for m = 0,
and therefore each value of j corresponds to 4j + 1 states, as opposed to the
usual (2j + 1)2.
It is interesting to note that the degeneracy of the hydrogen spectrum
in noncommutative settings is a much investigated issue. Depending on the
construction that is used, it can be totally [24] or partially [9] broken, or even
totally retained [25].
3.3 Different deformation parameters
Since we have two copies of the su(2), we could be tempted to deform them
with different parameters q and q′. In this case, the orthogonality condition
(using the deformed Casimir) will give us
sinh(si) sinh(s(i+ 1))
sinh2(s)
=
sinh(tj) sinh(t(j + 1))
sinh2(t)
, (32)
with s = ln q and t = ln q′. The leading order here will give i(i+1) = j(j+1),
just like the undeformed case, so that i = j. Using the next-to-leading order
we arrive at the conclusion that s = t, so q = q′. In other words, if we try to
use two different deformation parameters then the deformed orthogonality
condition states that they should be the same.
In the novel approach using undeformed Casimirs the situation is analo-
gous. The first order implies i = j and the second order either leads to q = q′
(as before) or, for very particular values of the ratio s/t, to a single-eigenstate
Hilbert space. The second case is not worth investigating.
This means that in both approaches we are forced to use the same defor-
mation parameter on both copies of suq(2).
4 Conclusion
In this work we constructed a physically consistent q-deformed version of
the energy spectrum of the hydrogen atom by deforming the commutation
relations of the so(4) dynamical symmetry using the suq(2) quantum group.
In this setting, the actions of I± and J± are analogous to the undeformed
ones, with the coefficients replaced by q-numbers.
The resulting Hilbert space is smaller, and the degeneracy of the energy
spectrum is partially broken, due to the fact that, although I2 and J2 are
still diagonal, their eigenvalues have an extra dependence on m and p. The
degeneracy is not completely removed because of the constraint m = ±p and
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the invariance of the energy under m → −m. The residual degeneracy does
not depend on j. The number of states corresponding to each value of the
quantum number j is smaller than in the usual case.
We can compare the spectrum and Hilbert space found by our approach,
i.e. using the orthogonality and energy relations, to the spectrum obtained
using the deformed Casimirs, where the Hilbert space has the same size
as in the undeformed case and the energy degeneracy is untouched, but the
physical interpretation becomes more complicated, with a Runge-Lenz vector
that is not orthogonal to the angular momentum. It should be noted that
the Runge-Lenz vector is still a conserved quantity. The meaning of the
Hamiltonian is also modified but this is trickier to see, because the so(4)
symmetry is invoked only after a restriction to an energy shell. It could be
argued from these remarks that the q-deformed construction presented in
earlier works is not really related to the classical Coulomb Hamiltonian, and
thus physically invalid even if mathematically correct.
We point out that it is not possible to use different deformation parame-
ters on each of the two su(2) copies that make up so(4).
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